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Abstract. To construct an evolutionary tree is an important topic in 
computational biology. An evolutionary tree can symbolize the relationship and 
histories for a set of species. There are many models had been proposed to 
resolve these problems. However, most of them are NP-hard problem. 
Ultrametric tree is one of the most popular models, it is used by a well-accepted 
tree construction method--Unweighted Pair Group Method with Arithmetic 
Mean, which is widely used by biologists to observe the relationship among 
species. However, it is a heuristic algorithm. In this paper, we proposed a 3-
Points relationship (3PR) based parallel algorithm to solve this problem. 3PR is 
a relationship between distance matrix and constructed evolutionary trees. The 
main concept is for any triplet species, two species closer to each other in 
distance matrix should be closer to each other in evolutionary tree. Then we 
combined this property and branch-and-bound strategy to reduce the 
computation time to obtain the optimal solution. Moreover, we put the lower 
ranked path which is determined by 3PR to delay bound pool (DBP) to 
accelerate the algorithm execution. DBP is a mechanism which can store the 
lower ranked path and can be helping algorithm to find a better bounding values 
speedily. The experimental results show that our proposed algorithm can reduce 
the computation time compared with algorithm without 3PR. Moreover, it also 
shows 3PR can reduce the computation time when number of computing nodes 
increasing. 

1   Introduction 

An evolutionary tree can represent the histories for a set of species, it is a useful tool 
for biologist to observe existent species or evaluate the relationship of them. 
However, the real evolutionary histories are unknown in practice. Therefore, there are 
many methods had been proposed to construct a meaningful evolutionary tree, which 
is closing to the real one. The majority of these methods are all based on two inputs: 
the sequences and the distance matrix [9]. In the input of sequences, an evolutionary 
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tree is usually constructed according to the multiple sequence alignment (MSA). 
However, it has been shown to be nondeterministic polynomial (NP)-hard to obtain an 
optimal result for MSA problem [10]. 

In the input of distance matrix, the distance matrix is composed of a set of user-
defined values for any two species (e.g., edit distance). Many models [10,10] and 
methods had been proposed to represent the evolutionary tree. However, to construct 
an optimal evolutionary tree had been shown to be NP-hard [3,7] for many proposed 
methods. One of the most commonly used models is ultrametric tree (UT), it is a 
rooted and leaf label and edge weighted binary tree. The internal node represents the 
hypothesis ancestors which evolved from one common ancestor, and the leaf stand for 
present-day species. Moreover, it assumes the rate of evolution is constant. Due to it 
is a NP-hard problem, biologists usually use heuristic algorithm to find an UTs. The 
Unweighted Pair Group Method with Arithmetic mean (UPGMA, [10,11]) is one of 
the popular heuristic algorithms to construct UTs. 

In this paper, we would like to find an ultrametric tree which the sum of edge 
weight is minimal, we call it as minimum ultrametric tree (MUT) problem. Although 
it had been show to be a NP-hard problem [3,12], to construct middle size of tree is 
useful for biologists to observe the evolutionary relationship. Therefore, it seems 
possible to find MUT by exhaustive search, however, the trees grown very rapidly. 
For example, A(10) > 107, A(20) > 1021, A(30) > 1037. Thus it can be seen when the 
number of species grown, it seems impossible to exhaustively search. 

Wu [12] proposed a branch-and-bound algorithm for construct MUT to avoid 
exhaustive search, and it is useful to solve NP-hard problem. The experimental result 
shows that [12] can find a MUT for 25 species in reasonable time. However, the 
computation time grows rapidly when the number of species increasing. Therefore, in 
previous work, we proposed an efficient parallel branch-and-bound algorithm for this 
problem [12]. The experimental result shows that the proposed parallel algorithm can 
solve 35 species in reasonable time with 16 computing nodes PC cluster. The number 
of candidate UTs for 35 species is 9*108 times than the number of candidate UTs for 
25 species. The results show that the proposed parallel branch-and-bound algorithms 
can efficient bounding UTs and reducing the computation time. 

Moreover, we observe the relationship between distance matrix and evolutionary 
tree. We assume for any three species, two species closer to each other in distance 
matrix should be closer to each other in evolutionary tree, then we named this 
relationship as 3-Points Relationship (3PR). In [14], we apply this property when 
branching third species. The experimental results show that it can reduce at most 25% 
of computation time when we apply this property. However, we do not use this 
property thoroughly when we select branching path in the proposed algorithm, we 
only apply in branching third species (depth 0). Since [1] shows there may have the 
contradictory relationship among them for any four species.  

In this paper, we proposed a 3PR based parallel algorithm for MUT problem. In 
order to prevent the four points contradiction situation, we use sliding window 
strategy when applying 3PR to select branching path. Moreover, we proposed a delay 
bound pool (DBP) mechanism to guarantee the optimal solution can be found. In the 
branch-and-bound strategy, how to find a better bounding value as soon as possible is 
an important issue. Therefore, the DBP mechanism can store the lower ranked path 
and help the algorithm to find a better bounding value quickly. The experimental 
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results show that our parallel algorithm with 3PR can reduce the computation time for 
Human Mitochondrial DNAs data set and random generated data set.  

This paper is organized as follows. In section 2, some preliminaries for sequential 
branch-and-bound algorithm and 3PR are given. 3PR based parallel algorithm is 
described in section 3 and section 4 shows our experimental results. Finally, 
conclusions and future work are given in section 5. 

2   Preliminaries 

An ultrametric tree is a rooted, leaf labeled binary tree, and each edge associates with 
a weight, the length from root to any leaf is equal. To simplify the presentation, 
notations and terminologies used in this paper are prior defined as follows. We denote 
a weighted graph as G=(V, E, w) with vertex set V and edge set E with an edge 
weighted function w.  

Definition 1: A distance matrix of n species is a symmetric nn ×  matrix M such that 
0],[ ≥jiM  for all 0],[ =iiM , and for all nji ≤≤ ,0 . 

Definition 2: Let ),,( wEVT =  be an edge weighted tree and Vvu ∈, . The path 

length from u to v is denoted by ),( vudT . The weight of T is defined by 

∑
∈

=
Ee

ewTw )()( . 

Definition 3: For any M, MUT for M is T with minimum )(Tw  such that 

},...,1{)( nTL =  and ],[),( jiMjidT ≥  for all nji ≤≤ ,1 . The problem of finding 

MUT for M is called MUT problem. 
Definition 4: Let P be a topology, and )(, PLba ∈ . ),( baLCA denotes the lowest 

common ancestor of a and b. If x and y are two nodes of P, we write yx →  if and 

only if x is an ancestor of y. 
Definition 5: The distance between distance matrix and rooted topology of 

evolutionary trees is consistent if ]),[],,[min(],[ kjMkiMjiM <  if and only if 

),(),(),( kjLCAkiLCAjiLCA =<  for any nkji ≤≤ ,,1 . Otherwise is 

contradictory. 

2.1   Sequential Branch-and-Bound Algorithm for MUT 

In [3], a sequential branch-and-bound algorithm was presented by Hendy and Penny 
to construct a minimum evolutionary tree of 11 species. Wu [12] proposed an 
efficient sequential branch-and-bound algorithm which was presented to construct 
MUTs from a metric distance matrix. An optimal solution of 25 species can be found 
in a reasonable time (in 24 hours). The results showed that the branch-and-bound 
algorithm is useful for MUT problem. In the proposed branch-and-bound algorithm,  
it repeatedly searches the branch-and-bound tree (BBT) to find a better solution until 
optimal one is found. The BBT can represent the UT. Assume the root of BBT is depth 
0, therefore each node with depth I in BBT represent a topology with a leaf set 
{1,…,i+2}. The algorithm of [12] is shown in following. 
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Sequential Branch-and-Bound Algorithm 
 
Input:  A n*n distance matrix M 
Output: The minimum ultrametric trees 
 
1: Load distance matrix and re-labels the species by maxmin permutation as leaf set 

{1,2,…n}. 
2: Creates the root v of the BBT which v represent the topology with leaves 1 and 2. 
3: Run UPGMA and use the result as the initial upper bound (UB). 
4: while Count(BBTs) !=0 
 if LB(v) >= UB 
  Delete v and all its children. 
 Select a node s in BBTs according to selection rule, whose children of s has not been 
generated. 
 Generate the children of s by using branching rule. 
 If a better solution is found, then update UB as a new upper bound. 
5: Report the minimum ultrametric trees for M. 

2.2   3-Point Relationship (3PR) 

Fan [1] proposed 3PR for evaluate the quality of the evolutionary tree. 3PR is a 
logical method to check the LCA relation for any triplet of species (a, b, c) in distance 
matrix and constructed evolutionary tree. The definition is shown in Definition 5. For 
example, Table 1 is the distance matrix and Figure 1 show two candidate of BBT. We 
can observe that M[a,c] =20 > M[b,c]=15, therefore b, c should be closer to each 
other in the evolutionary tree. Thus, we denote the Figure 1 (a) is a cntradictory tree. 
Moreover, there are many methods had been proposed to construct evolutionary tree, 
we can evaluate each constructed tree with 3PR and count number of contradictory 
set. Less contradiction set means the tree construction method is more ble for given 
data. 

 
Table 1. Distance matrix  

 a b c 
a 0 25 20 
b 25 0 15 
c 20 15 0 

aa cc bb aa cc bb
(a) (b)  

Fig. 1. Candidate BBTs 

3   The Proposed Parallel Branch-and-Bound Algorithm 

The branch-and-bound algorithm is a general technique to solve combinatorial search 
problems. Many theoretical properties for sequential and parallel branch-and-bound 
algorithm had been discussed. For a branch-and-bound algorithm, it consists of four 
parts: branching rule, selection rule, bounding rule, and termination rules. The 
branching, bounding, and termination rules are problem dependent, and the selection 
rule is algorithm dependent. The selection rule will be an important factor for the 
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performance of a designed algorithm. Four well-know search methods, breadth-first 
[3], depth-first, best-first, and random [9], have been presented for the selection rule. 

There are many aspects to choose the selection rules. In our algorithm, breadth-first 
search will use up the memory, and random search strategy may be useful for our 
application to find a better bounding value in global view. Moreover, best-first search 
should have a mechanism to balance the memory usage, when memory will be using 
up, it should use depth-first search instead of best-first search to reduce the memory 
usage. Among them, the depth-first search and the best-first search are two efficient 
and commonly used methods. 

In this paper, we proposed a branch-and-bound algorithm with a 3PR selection 
strategy in parallel computing environment. Moreover, we proposed a delay bound 
pool (DBP) mechanism to speed-up the better bounding value finding process and 
guarantee the optimal solution can be found. Since for any four species, there may be 
existence a contradictory relationship. [1] illustrates for any four species a, b, c, d, if 
there exist a relationship sets ((a,b),c), ((a,b),d), ((a,c),d), ((b,d),c) or ((a,b),c), 
((a,b),d), ((a,c),d), ((c,d),b) then there existed a contradictory relationship. Therefore, 
we only use 3PR when we insert third species instead of using it in all branching steps 
in previous work. In this paper, we use sliding window technique to apply 3PR in  our 
proposed parallel algorithm. First, we re-label the species by maxmin permutation and 
get the species array. Second, set the sliding window size to three, each time we 
compare three species and choose the suitable BBT then we put other candidate BBTs 
to DBP.  

For example, Figure 2 is the species after maxmin permutation and we want to 
insert fourth species (species 4) into BBT. Figure 3 represents two candidate BBTs, 
then we compare M[3,4] and M[2,4]. Assumed M[3,4] is less then M[2,4] then we 
select Figure 3 (b) and put the Figure 3 (a) to the DBP. 

1 3 2 4 6 5 
      

      

      

      

 

 

Fig. 2. Sliding Window Fig. 3. Candidate BBTs 

Since we should guarantee the optimal solution can be found, therefore we can’t 
drop the lower ranked candidate BBTs. Moreover, according to 3PR, we know the 
better bounding value can be found in the tree which conformed to a least count of 
contradictory sets. The candidate BBTs puts to DBP can help the running queue 
shorter and find the better bounding value quickly. After a new bounding value to be 
found, it can bound the BBT in Global Pool, Local Pool, and DBP. The detail of 3PR 
based parallel algorithm is shown in following. 
 

1 4 2 3 1 2 4 3 
(a) (b) 
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3PR based Parallel Algorithm for MUT Problem 
 
Input:  A n*n distance matrix M, Level of 3PR, Time constraint. 
Output: The ultrametric trees with minimum cost. 
 
Master Processor (MP): 
 
1: Load distance matrix and re-labels the species by maxmin permutation. 
2: Creates the root of the BBT. 
3: Run UPGMA and use the result as the initial upper bound (UB). 
4: Branches the BBT according to 3PR with limit of level of 3PR, and move the 

contradictory BBTs to delay bound pool (DBP). 
5: Until BBTs reaches 3 times of total number of computing nodes, it broadcasts the global 

UB and sends the BBT to computing nodes cyclically. 
6: while Count(BBTs in LP) > 0 or Count(BBTs in GP) > 0 or Count(BBTs in DBP) >0 
 if Count(BBT in LP) ==0 and Count(BBT in GP) !=0 
  receive BBTs from GP 
 v = get the BBT for branch according to 3PR 
 Put others BBTs to DBP 
 if LowerBound(v) > UB 
  continue 
 Generate the children of v according to 3PR 
 if v branched completed 
  if Cost(v) < UB 
   Update the Global Upper Bound (GUB) to every computing nodes 
   Add the v to the results set 
 if Count(BBTs in GP) == 0 
  Send last two UT in sorted LP to GP 
 if Count(BBTs in LP) == 0 and Count(BBTs in GP) 
  LP = DBP 
7: Gather all solutions from each computing node and then output it. 

 
Each of Slave Processors (SP): 
 
1: while Count(BBT in LP) > 0 and execution time < TC 
 if LowerBound(v) > UB 
  continue 
 v = get the BBT for branch according to 3PR 
 Put others BBTs to DBP 
 Generate the children of v according to 3PR 
 if v branched completed 
  if Cost(v) < UB 
   Update the Global Upper Bound (GUB) to every computing nodes 
   Add the v to the results set 
 If there is a request from MP and the number of computing nodes in LP >2, then send 
 2 nodes to MP. 
2: if Count(BBTs in LP) == 0 
 Send a request to MP 
 If receive 2 nodes from GP in MP, then go to step 1. 
3: Send all nodes in LP to MP. 



 3-Points Relationship Based Parallel Algorithm 621 

4   Experimental Results 

To evaluate the performance of the proposed algorithm, we have implemented our 
algorithm in C++ and Message Passing Library 2. The program executes in a PC 
cluster with 16 computing nodes, the hardware specification is an AMD Athlon PC 
with a clock rate 2.0 GHz and 1 GB memory. The PCs are interconnected by 100 Mb 
fast ehternet switch. The system architecture is master/slave architecture, we choose 
one PC as master and the master will dispatch jobs, handle global pool and collect 
results from slave PCs. Two data sets are used to verify the performance of our 
proposed algorithm. One is randomly generated data set, which the range of distance 
between 1 and 100. Another is a practical data set of 136 Human Mitochondrial 
DNAs (HMDNA), which is obtained from [11]. We run five different instances of 
each number of species to eliminate the data dependence situation. 

Figure 4 is the computation time of HMDNA data set with 16 computing nodes, we 
can observe that 3PR could reduce the execution time when the number of species 
grows. Figure 5 is the computation time of Random data set with 16 computing 
nodes, the experimental results show that our algorithm also perform well on the 
random generated data set. According to our observation, it can reduce about 20% and 
10% of computation time for HMDNA data set and random data set, respectively. 
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Fig. 5. Computation time of Random Data 

5   Conclusions 

In this paper, we proposed a 3PR based branch-and-bound parallel algorithm for MUT 
problem. 3PR is a property between distance matrix and evolutionary tree. We apply 
this property with sliding window technique to accelerate the process of selecting 
branching path in the parallel branch-and-bound algorithm. Moreover, we propose a 
delay bound pool (DBP) mechanism to store the lower ranked path to reduce the 
influence of selecting new path in branch-and-bound strategy; it can help the branch-
and-bound algorithm to find a better bounding value quickly. The experimental 
results show that our algorithm can reduce the computation time compared with the 
algorithm without applying 3PR. In the future, we would like to observe how the 
sliding windows size affects the computation time. 
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